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Abstract Our investigation is based on the hypothesis on the dependence of

the cell cycle duration on the accumulation of the DnaA – protein that initiates

the replication of the chromosome. A fitness cost as the difference between the cell

cycle durations of the cells with and without additional cloned genes was determined

through the DnaA accumulation mechanism by the constructed mathematical model.

This difference was shown to depend on the level of expression and the number of

cloned genes. Also, we investigated two growth conditions of the cell – slow (cell

cycle duration ≤ 1h) and fast. During the fast growth the fitness cost was found to

be constant, while it increased gradually with decreasing of the growth rate during

the slow regime even if the expression of cloned genes does not change.
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I. INTRODUCTION

A cell cycle duration is the key parameter of the cell behavior which characterise the

conditions of its growth [1, 2]. Except the media, the major influence on the growth have an

expression of the cell genes [3, 4] and the shifts in the intracellular molecular mechanisms [5].

Initially, it was proposed that each bacterial cell divides as soon as it reaches the so-called

”initiation mass” [6]. In the later times the link between the ”initiation mass” and the exact

intracellular mechanism was proposed [7]: the concentration of the protein that initiates the

replication of the chromosome – DnaA was strongly correlated with the initiation mass and

it concentration per the oriC cite of the chromosome appeared to be constant.

According to the event of the initiation, the whole cycle can be divided on three periods

[8]: C – the time from the initiation till the end of replication of chromosome, D – period

from the end on replication till the division of the mother cell onto two daughters and B –

period of the cycle from the birth of the daughter cell till the beginning of the next initiation.

C and D periods are less variable than B [9, 10]: C+D periods were shown to have a constant

duration at the fast growth (generation time is less than 1 hour) and it linearly increased

with increasing the generation time above 60 min. In the slow growth, there is always B

period while for the fast growth a cycle consists of the C and D periods only.

The main idea of our investigation is to bind the differences in the cell cycle structure

of the fast and slow growth with the differences in accumulation of DnaA [11]. The DnaA

concentration drop twice after division [12] and to initiate the replication again it have to

be accumulated to the initiation level during the B period. If the concentration of DnaA is

high enough, it can initiate the replication without accumulation (hence, without B period).

To model the accumulation of DnaA we used the idea of the competition of the mRNAs

for the ribosomes [13]: the mRNA from dnaA gene compete with the bulk mRNA. If there

are some additional expressing cloned genes, this competition becomes more severe because

the amount of bulk mRNA increase. This leads to more slow accumulation of DnaA and,

as a consequence it lengthen the cell cycle duration. Difference between the growth rates of

the cells with and without cloned genes as α = ∆µ/µ result in fitness cost of the additional

protein expression.
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II. MODELLING THE CELL CYCLE DURATION

A. DnaA accumulation model

Assumptions of the model: 1) The level of expression of chromosome and cloned genes

was assumed to be constant.The number of ribosomes was supposed to be equal for all types

of cells. 2) We used the generation time τ = 1 hour to separate the fast (C and D periods

only, τ ≤ 1h) and slow growth (B, C and D periods, τ > 1h). 3) The ratio of mRNA from

dnaA gene to the bulk mRNA is equal to the ratio of DnaA/total protein.

We used the probabilistic approach to model the DnaA synthesis. In the course of the

synthesis, all mRNAs (Rchr), some of which (RD) encode DnaA, are distributed among

ribosomes (r). Such scheme can be represented in the form of Poissons distribution [14]:

ω(k) = e−λλk/k!, where ω(k) is the probability that k DnaA molecules will be synthesized

during one binding and λ = r RD/Rchr. The physical meaning of this parameter is the

mean amount of DnaA synthesized during one binding. Existing experiments shows [15]

the DnaA/total protein (or RD/Rchr) linearly depends (we shall use β for the slope) on

the specific rate of the bacterial population growth µ (see Fig. II A). Finally, for the cells

FIG. 1. The dependence of the DnaA to total protein molecule number ratio in exponentially

growing E. coli cells on the specific rate of population growth. Comparison of calculations according

to the model with experimental data [15]. RD = 1, Rchr = 4288, r = 104, α = 0.72[h].

without any additional cloned genes one can write: λ− = rRD/Rchr ·βµ. With cloned genes
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this equation must be rewrited with addition of cloned genes mRNA to the bulk amount:

λ+ = rRD/(Rchr+fNRcloned)βµ, where N is the number and f is the efficiency of expression

of cloned genes.

The probability of synthesis of k molecules during n bindings is an n-fold convolution

of Poisson distribution for one binding with itself: ωn(k) = ωn∗(k) = e−λn(λn)k/k!. Fur-

thermore, it should be taken into consideration that the bindings themselves fit Poissons

distribution with respect to time with an intensity m(t). Then,

p(k, t) = e−m(t)
∑
n=0

mn(t)

n!
e−λn

(λn)k

k!
(1)

is the probability of the synthesis of k molecules of DnaA within the time t. Obviously,

Eq. (1) is Neimans distribution of type A, and it can be approximated with the Gaussian

distribution with the mean number of molecules of DnaA synthesized m(t)λ and variance

m(t)λ(1 + λ) in the case of large m(t) [16]: p(k, t) = N (m(t)λ,m(t)λ(1 + λ)).

The parameter m(t) can be found by comparing the resultant expression for the mean

number of DnaA molecules with the existing models of protein synthesis (e.g., [1]):

m(t) =
kp/d · 2µt

µ+ γ
= 2µtξ(µ)

{
ξ(µ) =

kp/d

µ+ γ

}
.

Here, kp is the maximal rate of the elongation of the peptide chain, d = 467 is the size of

the DnaA molecule (the number of amino acids) and γ is a parameter with a dimension of

rate.

Finally, the average number of newly synthesised DnaA molecules to time t as m(t)λ will

be:

DnaA− = 2µtξ(µ)λ− DnaA+ = 2µtξ(µ)λ+

B. Calculation of the duration of the cell cycle

To initiate replication, DnaA must be activated by binding with ATP. After initiation, a

DnaA+ATP complex rapidly deactivates to DnaA+ADP. To calculate the generation time

we must exclude the ”old” DnaA from the previous cycle – it will be the half of the amount

at the end of the cycle (t = τ = 1/µ): DnaAold = 1/2ξ(µ)λ. At the fast growth with fixed

duration of generation time (τ = tC + tD = const) the initiation level Ξ for the cell without
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cloned genes can be calculated as:

Ξ = ξ(µ)λ−2µt − 1/2ξ(µ)λ− = ξ(µ)λ−
(
2µt − 1

)
(2)

For the cells containing cloned genes, the initiation level will be reached with the delay ∆t:

Ξ = ξ(µ)λ+
(
2µ(t+∆t) − 1

)
(3)

Equating (2) and (3) at the end of the cycle one can find the delay: ∆t =
ln(λ−/λ++1))

µ ln 2
.

According to (τ + ∆t)(µ−∆µ) = 1 we obtain:

∆µfast = µ
ln [4 (λ−/λ+ + 1)]

ln [2 (λ−/λ+ + 1))]

Finally for the fast growth we have the fitness cost αfast = ∆µfast/µ that does not depends

on the growth rate if the expression of cloned genes is constant.

At slow growth the cycle separates onto two periods: constant (tCD) and flexible (tB)

according to time. From the condition of the constancy of the concentration of DnaA

accumulation of it must proceed 2µtB times faster at tCD period of the previous cycle than

at tB of the next. Then, to calculate the initiation level one needs to rewrite equations (2)

and (3) by adding the term for B-period as follows:

Ξ = ξ(µ)λ−2µtB1/2
(
2µtCD − 1

)
+ ξ(µ)λ−

(
2µtB − 1

)

Ξ = ξ(µ)λ+2µ(tB+∆t)1/2
(
2µtCD − 1

)
+ ξ(µ)λ+

(
2µ(tB+∆t) − 1

)
Equating these expressions together with tCD + tB = τ = 1/µ and (µ−∆µ)(1/µ+ ∆t) = 1

gives the fitness cost as:

αslow = ∆µslow/µ =
ln
[
42µtCD−λ−/λ+

2µtCD+1

]
ln
[
22µtCD−λ−/λ+

2µtCD+1

]
Dependence from the growth rate arise from the different structure of the cell cycle – division

on stochastic and fixed periods, even if the expression of the cloned genes is constant (see

Fig.II B).
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FIG. 2. The dependence of of the fitness costs coefficients from the specific growth rate of the

population at fast and slow growth. Initially constant, α commence to increase with decreasing

the growth rate even at the constant level of expression of cloned genes. Here λ−/λ+ = 1 +

fNRcloned/Rchr, where f = 1, tCD = 1 h, Rchr = 4288, 1. NRcloned = 500, 1. NRcloned = 1000.

III. DISCUSSION

The probabilistic model of accumulation of the DnaA protein makes possible to calculate

the duration of the cell cycle and reveal the reasons of it alteration. In our study, the

deceleration of the growth rate of bacteria bearing cloned genes is explained by the hypothesis

on mRNA competition for ribosomes through the decelerating the accumulation of DnaA

protein, which initiates chromosome replication. The approach proposed in this study offer

an explanation of the fitness cost by exact intracellular mechanism even if expression of

cloned genes does not change with slowing the specific growth rate. Our method allow to

explain the different growth behavior of the bacterial cells with cloned genes and suggest a

possible mechanism of the increase in the selective advantage of cloned genes free cells at

low proliferation rates.
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